Introduction and problem statement {#Sec1}
==================================

Infectious diseases have marked the history of human societies. Throughout the centuries and the world, they have always been the leading cause of death. One thinks of the great plagues of the Middle Ages which emptied cities of their populations and caused urban civilization to regress (a third of the European population disappeared between the end of the fourteenth and the beginning of the fifteenth century \[[@CR1]\]). The viruses imported into America by the Spaniards which decimated the local populations more surely than the fights. The Spanish flu which caused more deaths at the beginning of the twentieth century than the First World War. The Acquired Immunodeficiency Syndrome, better known under its acronym AIDS, which is still the most deadly infectious disease in the world, and which has claimed nearly 25 million victims since its appearance in 1981. We also think of the Coronavirus disease (Covid-19), which is now considered as a global pandemic.

To counter the ravages that infectious diseases can cause, public health decision-makers must have relevant tools to assist them in their decision-making. In this context, mathematicians, epidemiologists and immunologists have been working together for quite some time to create mathematical models that allow competent authorities to prepare in advance to respond quickly and effectively if an outbreak occurs.

The first model was developed by Daniel Bernoulli in 1760 for smallpox \[[@CR2]\]. But, the foundations of the epidemic modelling based on the compartmental models were established by Sir Ronald Ross, W. H. Hamer, W. O. Kermack and others. In these models, the population is divided into classes that contain individuals with the same epidemiological status. An interesting overview of the history of mathematical models in epidemiology can be found in \[[@CR3]--[@CR6]\]. Currently, epidemiological models are increasingly used and present a powerful tool for studying complex systems. Its contribution to the fight against epidemics is indisputable. It enables us to understand the mechanisms of transmission, to study the characteristics of an epidemic, to predict its evolution and to evaluate different intervention strategies to find the best control program.

In the literature, several works have addressed the problems of controlling the spread of infectious diseases based on epidemiological models with compartments. Di Giamberardino and Iacoviello \[[@CR7]\] proposed an epidemic control problem based on a three compartments model and a vaccination strategy with a cost index that weights differently the control depending on the severity of the disease. Buonomo et al. \[[@CR8]\] focus on an epidemic model which incorporates a non-linear force of infection and two controls: an imperfect preventive vaccine given to susceptible individuals and treatment given to infectious. Work done by Zakary et al. \[[@CR9]\], devise a discrete time compartment model depicting the spread of infectious diseases in various geographical regions that are connected by any kind of anthropological movement. The authors used two control variables which represent the effectiveness rates of vaccination and travel-blocking operation, and they focus to control the outbreaks of an epidemic that affects a hypothetical population belonging to a specific region. Another work that concerns the control of the Ebola virus disease was proposed by Mhlanga \[[@CR10]\]. The mathematical model includes control functions representing educational campaigns in their respective patches, with one patch having more effective controls than the other. Moualeu et al. \[[@CR11]\] presented a deterministic model for the transmission dynamics of Tuberculosis in the context of weak diagnosis capacity. Optimal control theory is used to obtain a cost-effective balance of two different intervention methods. Degang et al. \[[@CR12]\] presented a novel SIVRS mathematical model for infectious diseases, which takes into account the virus variation factors. Authors proposed an optimal control problem to maximize the recovered agents with the limited resource allocation. Existence of a solution to the optimal control problem is given based on Pontryagin's Minimum Principle. Bolzoni et al. \[[@CR13]\] proposed a problem of minimizing epidemic size and duration in SIR models. Optimal control through either vaccination or isolation is investigated by application of Pontryagin's Maximum Principle. Using a basic SEI model with saturated incidence rate, Baba et al. \[[@CR14]\] studied the effect of optimal controller and awareness on the dynamic of Tuberculosis. In these works and in many others (see \[[@CR15]--[@CR20]\] and the references therein) the authors have solved the formulated control problems using classical results of control theory, in particular the famous Pontryagin's minimum principle \[[@CR21]\].

In this paper, we propose an alternative approach which is direct and allows characterizing one or more controls aimed at achieving the null number of infected people at a final time. Our approach is based on viability theory \[[@CR22]\], which allows the adaptation of the evolution of a dynamic system to the restrictions imposed on the state and the control. We are interested here in compartment models that represent the evolution of an infectious disease in a population, which are written as follows $$\documentclass[12pt]{minimal}
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The problem ([3](#Equ5){ref-type=""}) has been treated by Kassara \[[@CR23]\] and Kassara and Moustafid \[[@CR24]\] in the framework of the set-valued approach for a class of ODE immunotherapy models. Such models was expressed by a non-linear control system ([1](#Equ1){ref-type=""}), in the particular case, where the dynamics *f* ([1a](#Equ1){ref-type=""}) is affine in control *u*, and the Eq.([1b](#Equ2){ref-type=""}) is given as follows$$\documentclass[12pt]{minimal}
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Our approach takes advantage of the unified framework of viability theory \[[@CR28]\] and set-valued analysis \[[@CR29], [@CR30]\]. The main advantage is that for any initial data starting from $\documentclass[12pt]{minimal}
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Definitions and preliminary results {#Sec2}
===================================

In this section, we present some viability concepts and mathematical tools to be used next.
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Next we provide a result which is fundamental for building our control strategy. In \[[@CR29]\] the authors gave a useful characterization of the contingent cone in case of subsets defined by inequalities:

Lemma 1 {#FPar1}
-------
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The following lemma gives us sufficient conditions, in terms of contingent cones, for which the property above holds true:
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A control set-valued approach {#Sec3}
=============================
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-----
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Lemma 6 {#FPar9}
-------
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Theorem 2 {#FPar11}
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-----
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On the existence of continuous selection {#Sec4}
========================================

This section involves the sufficient conditions we need in order to prove the existence of continuous selection of the map $\documentclass[12pt]{minimal}
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Then we can state the following result.
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Proof {#FPar15}
-----
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Then we are in a position to state and prove the following result.
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-----
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Application to a controlled SIRS epidemic model {#Sec5}
===============================================

The aim of this section is to apply the approach developed in the previous sections to an epidemic model that includes control terms. We consider a deterministic Susceptible-Infected-Recovered-(re)Susceptible (SIRS) model, where the total population, denoted *N*, is divided into three compartments:Susceptible (*S*): healthy individuals who can become infected as a result of their interactions with infected individuals;Infectious (*I*): individuals who are infected with the disease and are able of transmitting the infection to susceptible individuals;Recovered (*R*): individuals who were previously infected and recover.The SIRS model is widely used to model several diseases, such as influenza and malaria, which confer temporary immunity; the recovered individuals lose immunity after a while and become susceptible again. This model is formulated based on the following assumptionsThe disease incubation is negligible, in this case, once infected, each susceptible individual becomes infectious instantaneously;All recruitment is into the susceptible compartment and occur at a constant rate $\documentclass[12pt]{minimal}
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It is well known that treatment, education and awareness campaign are an important and effective method to control and prevent the spread of various epidemics. Hence, we investigate the impact of these control measures on the spread of an infectious disease by introducing in the system ([39](#Equ43){ref-type=""}) two controls $\documentclass[12pt]{minimal}
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To show the efficiency of our approach we consider three scenarios. For each scenario and in order to compute the regulation map $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {C}}_\varphi ^\beta $$\end{document}$ as expressed in Eq. ([33](#Equ37){ref-type=""}) we first give expressions of the functions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell _{\varphi }$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_{\varphi }$$\end{document}$, given respectively by Eq. ([26](#Equ30){ref-type=""}) and ([27](#Equ31){ref-type=""}).

All simulations are performed using MATLAB with parameter values given in Table [1](#Tab1){ref-type="table"}. The numerical results are obtained for several initial conditions corresponding to both cases where $\documentclass[12pt]{minimal}
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First scenario: prevention {#Sec6}
--------------------------

Given the major role of contact in transmitting infectious disease from infectious individuals to susceptible people and the importance of prevention programs in limiting the number of new cases, we propose a control strategy based on the control $\documentclass[12pt]{minimal}
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Second scenario: screening and treatment {#Sec7}
----------------------------------------

In this case, we propose to provide a treatment for the infected people and facilitate the access to therapeutic programs. Thus, in this scenario we set $\documentclass[12pt]{minimal}
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Third scenario: combining prevention and treatment {#Sec8}
--------------------------------------------------

Let us now investigate the effect of combining all controls. With this approach none of the controls is set to zero. In this case, the expressions of functions $\documentclass[12pt]{minimal}
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With this scenario, our results show that combining treatment and prevention measurements can lead to a decrease in the number of infected individuals, an illustrative example is given in Fig.  [5](#Fig5){ref-type="fig"}a, b. Here, the major advantage of this combination is that less treatment effort is required when it is accompanied by preventive measures. One can observe a significant difference in $\documentclass[12pt]{minimal}
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Finally, the results obtained in this application to the SIRS model show the effectiveness of our approach. In the three proposed scenarios, we note that the control terms obtained, allow the number of infected people to tend to zero at a finite time.

Conclusion and future research {#Sec9}
==============================

This work contributes to a growing literature on controlling epidemics spread. We have proposed a unified approach based on viability theory and set-valued analysis to deal with a control problem of a general class of epidemiological models. We have established theoretical results that show the existence and give the expression of continuous selections used to characterize our controls. The great interest of our approach is the simplicity of deriving the explicit formulas of the controls via continuous selections of adequately designed regulation map, unlike to the optimal control approach, which requires showing the existence of the optimal solution (control and state), and solving the optimality system consisting of the state system and the adjunct system that can be hard to solve. As an application, we considered a SIRS epidemic model with two controls whose expressions are given via selections of appropriately designed feedback map. These controls proved effective in reducing the number of infected individuals, either when used separately or when used together. Finally, as natural direction for our future works, we will propose extensions of our method to a class of epidemiological models where the dynamics are non-affine with respect to the control variable and also to control problems in the case of spatiotemporal epidemic models.
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